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Abstract
Abstract — We propose a method to overbound reachable sets on finite time hori-
zons for continuous-time nonlinear systems with polynomial dynamics. The analysis
considers uncertain initial conditions, parameters, L2 disturbances, and perturbations
characterized by time-domain, integral quadratic constraints (IQCs). This method
makes use of time-dependent polynomial storage functions that satisfy certain dissi-
pation inequalities on local regions of the state space, intervals of time and bounded
sets of uncertain parameters. The S-procedure and sum-of-square techniques are used
to derive the computation algorithms, and an objective function is introduced to find an
over-approximation with a desired shape. Both pedagogical and practically motivated
examples are presented, including a 7-state F-18 aircraft model.
1 Introduction
In this paper we address finite-time horizon reachability analysis for nonlinear dynamical
systems with uncertain initial conditions, parameters, L2 disturbances and perturbations
by merging ideas from dissipative systems theory [9], [10], barrier functions [11], [12], [13],
and IQCs [33]. Specifically, we employ inequalities involving the Lie derivative of a scalar
storage function and IQCs that hold throughout local regions of the state space, time
intervals, and bounded sets of uncertain parameters. These inequalities, when integrated
over trajectories of the system, give guaranteed over-approximations of reachable sets. Since
the problem is addressed in finite-time horizon, the over-approximations of reachable sets
are characterized using time-varying storage function candidates. A shape function and its
corresponding variable-sized region are introduced to bound the over-approximations and
reduce conservatism. The S-procedure and sum-of-square (SOS) relaxations for polynomial
nonnegativity [8] are used in deriving the computational algorithms.
There are several related results in the existing literature. A method of verifying safety
of systems for infinite time horizon is proposed in [13] by looking for a time-invariant barrier
function, of which the zero sublevel set separates the unsafe region from all possible trajec-
tories starting from a given set of initial conditions. In [13], the search for such a barrier
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function is formulated as a feasibility problem without using an objective function to min-
imize the volume of over-approximation of the reachable set. In addition, since the barrier
function is time-invariant, the over-approximation might be too conservative. Although
time-varying barrier functions are employed in [12], their use is limited to proving that a
model and a feasible parameter set are inconsistent with some time-domain experimental
data.
The papers [1], [2], [3], [4] use extensions of classical dissipation inequalities to provide
sufficient conditions that guarantee invariance of sublevel sets under L2 constraints on
disturbances, providing outer bounds on the set of reachable states. However, time-invariant
storage functions are used, which might be too conservative for reachability analysis. This
line of work is extended to uncertain systems in [5] and [32]. Two types of uncertainties,
bounded parametric uncertainties and unmodeled dynamics are taken into account in [5].
The work in [32] considers nonlinear (polynomial) systems with perturbations described
by IQCs. However, the work in [32] only considers bounds on the induced L2 gain on the
infinite time horizons. Computation of finite horizon robust induced gains and bounds of
reachable set of states for uncertain linear time-varying (LTV) systems is proposed in [6],
where dissipation inequalities and IQCs are used.
Another related paper, [7], provides an approximate analytical polynomial solution to
the Hamilton-Jacobi-Isaacs partial differential equations (HJE) for reachable set computa-
tion. The approach in [7] enforces the approximate polynomial solution at initial time to
stay close to the initial condition of the HJE and disallows the use of Lagrange multipliers
in the subsequent sum-of-square optimization. Thus, the results are prone to conservatism
for system with high-dimensional state space.
As demonstrated with challenging examples in Section 7, the over-approximations com-
puted in this paper are tight even when the analysis is scaled to the high-dimensional
nonlinear systems. Another unique feature of this paper is that it accommodates simulta-
neously various sources of uncertainty, including uncertain initial conditions, parameters,
L2 disturbances and model perturbations. In addition, the algorithms achieve global opti-
mal solutions, since the computations are formulated as generalized SOS problems, which
can be solved effectively by bisection. Other methods mentioned above either require an
iterative search between multipliers and storage functions, or omit the multipliers which are
of critical importance for achieving tight bounds.
Besides the papers mentioned above, there are many other approaches to reachability
analysis. A method is proposed in [14] for computing inner and outer approximations of
reachable sets based on interval analysis. An alternative approach in [15] computes the
reachable set as the level sets of the solution to Hamilton-Jacobi-Isaacs partial differen-
tial equations and the method is implemented in the toolbox [16]. Ellipsoidal methods
are described in [17], [18] for continuous-time and discrete-time linear control systems. A
polytope method is introduced in [19] for discrete-time constrained linear systems, and it
is implemented in Multi-Parametric Toolbox [20] on MATLAB. Zonotopes, a special class
of polytopes, are used in [21] to represent reachable sets of uncertain discrete-time linear
systems.
The rest of the paper is organized as follows: A characterization of over-approximations
of reachable sets by storage functions under uncertain initial conditions is discussed in
Section 3. Section 4 considers the case under both uncertain initial conditions and bounded
L2 disturbances, and this is followed in Section 5 by the method also accounting for bounded
parametric uncertainties. Section 6 takes perturbations characterized by IQCs into account.
Applications to pedagogical and practical systems are presented in Section 7, including a
2
7-state F-18 aircraft example with cubic-degree polynomial dynamics.
2 Notation
Rm×n and Sn denote the set of m-by-n real matrices and n-by-n real, symmetric matrices. A
single superscript index denotes vectors; for example, Rm is the set of m× 1 vectors whose
elements are in R. RL∞ is the set of rational functions with real coefficients that have
no poles on the imaginary axis. RH∞ ⊂ RL∞ contains functions that are analytic in the
closed right-half of the complex plane. Lm2 is the space of Rm-valued measureable functions
f : [0,∞) → Rm, with ‖f‖22 :=
∫∞
0 f(t)
T f(t)dt < ∞. Define ‖r‖22,T :=
∫ T
0 r
T (t)r(t)dt.
Associated with Lm2 is the extended space Lm2e, consisting of functions whose truncation
fT (t) := f(t) for t ≤ T ; fT (t) := 0 for t > T , is in Lm2 for all T > 0. For ξ ∈ Rn, R[ξ]
represents the set of polynomials in ξ with real coefficients. The subset Σ[ξ] := {pi =
pi21 + pi
2
2 + ... + pi
2
M : pi1, ..., piM ∈ R[ξ]} of R[ξ] is the set of SOS polynomials in ξ. For
η ∈ R, and continuous r : Rn → R, Ωrη := {x ∈ Rn : r(x) ≤ η}. For η ∈ R, and continuous
g : R× Rn → R, Ωgt,η := {x ∈ Rn : g(t, x) ≤ η}.
3 Reachability Analysis with Uncertain Initial Conditions
Consider the nonlinear dynamical system
x˙(t) = f(t, x(t)) (1)
with x(t) ∈ Rn, and a mapping f : R × Rn → Rn, which is locally Lipschitz in x and
continuous in t. We start with a basic theorem for over-approximating the reachable set
from an uncertain initial set, and extend this theorem in several directions in the rest of
the paper.
Theorem 1. Given initial time t0, terminal time T ≥ t0, and uncertain initial condition
set Ωr00 = {x ∈ Rn : r0(x) ≤ 0}, if there exists a C1 time-varying storage function V (t, x) :
R× Rn → R that satisfies
∂V
∂t
+
∂V
∂x
f(t, x) ≤ 0,∀(t, x) ∈ [t0, T ]× Rn, (A.1)
Ωr00 ⊆ ΩVt0,0, (A.2)
then x(T ) ∈ ΩVT,0, for all x(t0) ∈ Ωr00 . Therefore ΩVT,0 is the forward over-approximation of
reachable set at time T , for system (1) with the uncertain initial set Ωr00 .
This conclusion follows trivially by integrating constraint A.1
V (T, x(T ))− V (t0, x(t0)) ≤ 0.
Since x(t0) ∈ Ωr00 ⊆ ΩVt0,0, we have V (t0, x(t0)) ≤ 0, and therefore V (T, x(T )) ≤ 0, implying
x(T ) ∈ ΩVT,0.
In Theorem 1, constraint A.1 is enforced to hold for all x ∈ Rn, which can be restrictive
when the storage function V (t, x) is restricted to a subset of C1 (e.g, a polynomial of fixed
degree, which is the ultimate approach used in computation). Instead, we can enforce the
constraints locally and define the local region Bβ(xc) := {x ∈ Rn : ‖x−xc‖2 ≤ β}, for some
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β > 0, xc ∈ Rn. We fix a radius β and center xc of this region, and then require that all
the zero sublevel sets of a storage function lie in Bβ(xc) during a time interval:
ΩVt,0 = {x ∈ Rn : V (t, x) ≤ 0} ⊆ Bβ(xc),∀t ∈ [t0, T ].
When we relax constraint A.1 to hold only locally on Bβ(xc), we have the following “local”
version of Theorem 1:
Theorem 2. Given initial time t0, terminal time T ≥ t0, and uncertain initial condition
set Ωr00 = {x ∈ Rn : r0(x) ≤ 0}, if there exists a C1 time-varying storage function V (t, x) :
R× Rn → R that satisfies
ΩVt,0 ⊆ Bβ(xc), ∀t ∈ [t0, T ], (B.1)
∂V
∂t
+
∂V
∂x
f(t, x) ≤ 0, ∀(t, x) ∈ [t0, T ]× Bβ(xc), (B.2)
Ωr00 ⊆ ΩVt0,0, (B.3)
then x(T ) ∈ ΩVT,0, for all x(t0) ∈ Ωr00 . Therefore ΩVT,0 is the forward over-approximation of
reachable set at time T , for the system (1).
The proof is a special case of the proof of Theorem 3 below, and is omitted.
Remark 1. The choice of (xc, β) effects the feasibility of constraints B.1 to B.3. If Bβ(xc)
doesn’t enclose the union of all the actual reachable sets for Ωr00 from t0 to T , then constraints
B.1 to B.3 cannot be feasible. On the other hand, if Bβ(xc) is too large, it might introduce
too much conservatism in the analysis.
Since we are interested in a tight over-approximation of the reachable set ΩVT,0, it is
a natural choice to express its volume as the objective function to minimize. However,
an explicit expression is not available for the volume of ΩVT,0 for a generic storage function.
Instead, we introduce an analyst-sepcified shape function q(·) and its corresponding variable
sized region Ωqα = {x ∈ Rn : q(x) ≤ α}, and enforce ΩVT,0 ⊆ Ωqα, while minimizing α.
Then the task is to find a C1 storage function V : R × Rn → R, to solve the following
optimization problem
High-level optimization problem 1.
min
V,α
α
s.t. ΩVt,0 ⊆ Bβ(xc), ∀t ∈ [t0, T ], (C.1)
∂V
∂t
+
∂V
∂x
f(t, x) ≤ 0, ∀(t, x) ∈ [t0, T ]× Bβ(xc), (C.2)
Ωr00 ⊆ ΩVt0,0, (C.3)
ΩVT,0 ⊆ Ωqα. (C.4)
To develop a computational procedure using sum-of-squares programming, we now as-
sume that f is polynomial, and restrict the storage function V to be a polynomial with
fixed degree. Define a new polynomial p(x) := β2 − ‖x− xc‖22, and note that if a point
x¯ ∈ Bβ(xc), then p(x¯) ≥ 0. Also define g(t) := (t − t0)(T − t), whose value is greater or
equal to zero when t ∈ [t0, T ]. The polynomial functions p and g will help us formulate the
set containment constraints.
4
Utilizing the S-procedure to obtain sufficient conditions for the set containment con-
straints C.1 to C.4, and SOS relaxation for polynomial nonnegativity, we obtain the fol-
lowing SOS optimization problem, which is bilinear because decision variables s6(x) and α
multiply with each other in the constraint.
SOS optimization problem 1.
min
α,s,V (t,x),1,2
α
s.t. s1(x, t)− 1 ∈ Σ[x, t], s6(x)− 2 ∈ Σ[x], 1 > 0, 2 > 0,
si(x, t) ∈ Σ[x, t], ∀i = 2, 3, 4, s5(x) ∈ Σ[x],
s1(x, t)p(x) + V (t, x)− s2(x, t)g(t) ∈ Σ[x, t],
−
(
∂V (t, x)
∂t
+
∂V (t, x)
∂x
f(t, x)
)
− s3(x, t)p(x)− s4(x, t)g(t) ∈ Σ[x, t],
− V (t0, x) + s5(x)r0(x) ∈ Σ[x],
− s6(x)(q(x)− α) + V (T, x) ∈ Σ[x].
By choosing small positive numbers 1 and 2, the first constraint guarantees that s1(x, t)
and s6(x) cannot take the value of zero. This optimization problem is a special case of
a bilinear SOS problem, called generalized SOS programming problem, which allows one
decision variable to enter bilinearly in the constraints, and the objective function is the
single decision variable. It is proved in [22] that this formulation is quasiconvex, and hence
the global optima can be computed by bisecting α.
4 Reachability Analysis with Uncertain Initial Conditions
and L2 Disturbances
Consider the nonlinear dynamical system
x˙(t) = f(t, x(t), w(t)) (2)
where x(t) ∈ Rn, w(t) ∈ Rnw , and f : R× Rn × Rnw → Rn. We assume that w ∈ Lnw2 , and∫ T
t0
w(t)Tw(t)dt ≤ R2.
Theorem 3. Given initial time t0, terminal time T ≥ t0, initial condition set Ωr00 = {x ∈
Rn : r0(x) ≤ 0}, and disturbances w satisfying
∫ T
t0
w(t)Tw(t)dt ≤ R2, if we can find a C1
time-varying storage function V (t, x) : R× Rn → R that satisfies
∂V
∂t
+
∂V
∂x
f(t, x, w) ≤ wTw, ∀(t, x, w) ∈ [t0, T ]× Bβ(xc)× Rnw , (D.1)
Ωr00 ⊆ ΩVt0,0, (D.2)
ΩV
t,
∫ t
t0
w(τ)Tw(τ)dτ
⊆ Bβ(xc), ∀t ∈ [t0, T ], (D.3)
then x(T ) ∈ ΩVT,R2 for all x(t0) ∈ Ωr00 . Therefore ΩVT,R2 is the forward over-approximation
of reachable set at time T for the system (2).
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Proof. Combining constraints D.1 and D.3, we have
∂V
∂t
+
∂V
∂x
f(t, x, w) ≤ wTw, ∀(t, x, w) ∈ [t0, T ]×{
x ∈ Rn : V (t, x) ≤
∫ t
t0
w(τ)Tw(τ)dτ
}
× Rnw .
By assumption x(t0) ∈ Ωr00 and hence it follows from constraint D.2 that V (t0, x(t0)) ≤ 0.
Integrating the dissipation inequality yields V (t, x(t)) ≤ V (t0, x(t0)) +
∫ t
t0
w(τ)Tw(τ)dτ ≤∫ t
t0
w(τ)Tw(τ)dτ,∀t ∈ [t0, T ]. Therefore, V (T, x(T )) ≤
∫ T
t0
w(τ)Tw(τ)dτ = R2, and thus
x(T ) ∈ {x ∈ Rn : V (T, x) ≤ R2} = ΩVT,R2 .
Again, we introduce a variable sized region Ωqα = {x ∈ Rn : q(x) ≤ α}, and enforce
ΩVT,R2 ⊆ Ωqα, while minimizing α. Then the task is to find a C1 storage function V (t, x) :
R× Rn → R to solve the following optimization problem
High-level optimization problem 2.
min
V,α
α
s.t.
∂V
∂t
+
∂V
∂x
f(t, x, w) ≤ wTw, ∀(t, x, w) ∈ [t0, T ]× Bβ(xc)× Rnw , (E.1)
Ωr00 ⊆ ΩVt0,0, (E.2)
ΩVT,R2 ⊆ Ωqα, (E.3)
ΩV
t,
∫ t
t0
w(τ)Tw(τ)dτ
⊆ Bβ(xc), ∀t ∈ [t0, T ]. (E.4)
If we have apriori knowledge on
∫ t
t0
w(τ)Tw(τ)dτ , then a more refined approximation
can be computed. For example, if we know a non-decreasing polynomial function h(t) with
h(t0) = 0, h(T ) = 1, and
∫ t
t0
w(τ)Tw(τ)dτ ≤ R2h(t), for all t ∈ [t0, T ], then we have
ΩV
t,
∫ t
t0
w(τ)Tw(τ)dτ
⊆ ΩVt,R2h(t), ∀t ∈ [t0, T ],
and constraint E.4 can be relaxed as
ΩVt,R2h(t) ⊆ Bβ(xc), ∀t ∈ [t0, T ]. (E.5)
If we don’t have any apriori knowledge of how
∫ t
t0
w(τ)Tw(τ)dτ dependends on t, then
constraint E.4 is relaxed to be
ΩVt,R2 ⊆ Bβ(xc), ∀t ∈ [t0, T ], (E.6)
which can be more restrictive for the storage function.
With the help of SOS relaxation for polynomial nonnegativity, we formulate constraints
E.1, E.2, E.3, E.5 to the generalized SOS optimization problem:
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SOS optimization problem 2.
min
α,s,V (t,x),1,2
α
s.t. s4(x)− 1 ∈ Σ[x], s5(x, t)− 2 ∈ Σ[x, t], 1 > 0, 2 > 0,
si(x,w, t) ∈ Σ[x,w, t], ∀i = 1, 2,
s3(x) ∈ Σ[x], s6(x, t) ∈ Σ[x, t],
−
(
∂V (t, x)
∂t
+
∂V (t, x)
∂x
f(t, x, w)− wTw
)
− s1(x,w, t)p(x)− s2(x,w, t)g(t) ∈ Σ[x,w, t],
− V (t0, x) + s3(x)r0(x) ∈ Σ[x],
− s4(x)(q(x)− α) + V (T, x)−R2 ∈ Σ[x],
s5(x, t)p(x) + V (t, x)−R2h(t)− s6(x, t)g(t) ∈ Σ[x, t],
which is a bilinear in s4(x) and α. The problem can be solved by bisecting α.
4.1 Application to a 2-state example
Consider the following academic example from [1]
x˙1 =− x1 + x2 − x1x22
x˙2 =− x2 − x21x2 + w.
Assume that
∫ T
0 w(t)
2dt ≤ R2, where R = 1, T = 1 sec, and we have apriori knowledge
on how fast the energy of disturbance w releases:
∫ t
0 w(τ)
2dτ ≤ R2h(t),∀t ∈ [0, T ], where
h(t) = t2/T 2.
When Bβ1(xc) is specified by radius β1 = 1.1, center xc = [0; 0], solving SOS optimization
problem 2 with constraint E.6 (without using the knowledge of h(t)) cannot give a feasible
solution, since the size of Bβ1(xc) is too small and restrictive for constraint E.6 to hold.
With the same Bβ1(xc), if constraint E.4 is relaxed to constraint E.5, and solving the SOS
optimizaiton problem 2 using the knowledge of h(t) gives a tight over-approximation of the
reachable set at t = 1 sec, which is shown with the black curve in Figure 1. Although using a
larger Bβ2(xc) (choosing β2 = 1.5) and solving SOS optimization problem 2 with constraint
E.6 gives a feasible solution, the resulting over-approximation is more conservative, which
is shown with the purple curve in Figure 1.
In Figure 1, the green points are simulation points at t = 1 sec. They are generated
by simulating the system with initial conditions inside the Ωr00 , which is shown with the
red curve, using disturbance signals w satisfying
∫ T
0 w(t)
2dt ≤ R2h(t) = t2/T 2. We can see
that all the green points are inside the black/purple overbounds at t = 1 sec.
5 Reachability Analysis with Uncertain Initial Conditions,
L2 Disturbances and Parameters
Consider the nonlinear dynamical system
x˙(t) = f(t, x(t), w(t), δ(t)) (3)
where x(t) ∈ Rn, w(t) ∈ Rnw , δ(t) ∈ Rnδ , and f : R× Rn × Rnw × Rnδ → Rn.
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Figure 1: Over-approximation of reachable set at T = 1 sec for the 2-state example with
uncertain initial conditions and L2 disturbance.
Theorem 4. Given initial time t0, terminal time T ≥ t0, uncertain initial condition set
Ωr00 = {x ∈ Rn : r0(x) ≤ 0}, disturbances w satisfying
∫ T
t0
w(t)Tw(t)dt ≤ R2 and uncertain
parameters δ ∈ ∆ = {δ|N(δ) ≥ 0}, if we can find a C1 time-varying storage function
V (t, x) : R× Rn → R, which satisfies the following constraints
∂V
∂t
+
∂V
∂x
f(t, x, w, δ) ≤ wTw,∀(t, x, w, δ) ∈ [t0, T ]× Bβ(xc)× Rnw ×∆, (F.1)
Ωr00 ⊆ ΩVt0,0, (F.2)
ΩV
t,
∫ t
t0
w(τ)Tw(τ)dτ
⊆ Bβ(xc), ∀t ∈ [t0, T ], (F.3)
then x(T ) ∈ ΩVT,R2, for all x(0) ∈ Ωr00 . Therefore ΩVT,R2 is the forward over-approximation
of reachable set at time T , for the system (3).
The proof is similar to the proof of Theorem 3, and is omitted.
Again, introduce the variable sized region Ωqα, and redefine the problem as finding a C1
storage function to solve the following optimization problem
High-level optimization problem 3.
min
V,α
α
s.t.
∂V
∂t
+
∂V
∂x
f(t, x, w, δ) ≤ wTw,∀(t, x, w, δ) ∈ [t0, T ]× Bβ(xc)× Rnw ×∆, (G.1)
Ωr00 ⊆ ΩVt0,0, (G.2)
ΩVT,R2 ⊆ Ωqα, (G.3)
ΩV
t,
∫ t
t0
w(τ)Tw(τ)dτ
⊆ Bβ(xc), ∀t ∈ [t0, T ]. (G.4)
With the help of SOS programming, we formulate the constraints G.1 to G.4 to be the
optimization problem:
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SOS optimization problem 3.
min
α,s,V (t,x),1,2
α
s.t. s5(x)− 1 ∈ Σ[x], s6(x, t)− 2,∈ Σ[x, t], 1 > 0, 2 > 0
si(x,w, δ, t) ∈ Σ[x,w, δ, t], ∀i = 1, 2, 3, s4(x) ∈ Σ[x], s7(x, t) ∈ Σ[x, t],
−
(
∂V (t, x)
∂t
+
∂V (t, x)
∂x
f(t, x, w, δ)− wTw
)
− s1(x,w, δ, t)p(x)− s2(x,w, δ, t)g(t)
− s3(x,w, δ, t)N(δ) ∈ Σ[x,w, δ, t],
− V (t0, x) + s4(x)r0(x) ∈ Σ[x],
− s5(x)(q(x)− α) + V (T, x)−R2 ∈ Σ[x],
s6(x, t)p(x) + V (t, x)−R2h(t)− s7(x, t)g(t) ∈ Σ[x, t],
which is a generalized SOS problem. We can do bisection to search for the optimal α.
5.1 A Special Case
Lemma 1. Assume f(t, x, w, δ) is affine in δ and the apriori constraint set ∆ is a bounded
polytope. Define the set of its vertices E∆ := {δ[1], δ[2], ..., δ[Nvertex]}, where δ[m] are the
vertices of ∆, Nvertex is the number of the vertices. If we impose constraint G.1 to hold on
E∆, then it holds everywhere on ∆.
Proof. See appendix.
Since f(t, x, w, δ) is affine in δ, denote f(t, x, w, δ) = f0(t, x, w)+F (t, x, w)δ. As a result,
the SOS problem can be simplified as
SOS optimization problem 4.
min
α,s,V (t,x),1,2
α
s.t. s4(x)− 1 ∈ Σ[x], s5(x, t)− 2 ∈ Σ[x, t], 1 > 0, 2 > 0,
sim(x,w, t) ∈ Σ[x,w, t],∀i = 1, 2,∀m = 1, 2, ..., Nvertex, s3(x) ∈ Σ[x], s6(x, t) ∈ Σ[x, t],
−
(
∂
∂t
V (t, x) +
∂
∂x
V (t, x)
(
f0(t, x, w) + F (t, x, w)δ
[m]
)
− wTw
)
− s1m(x,w, t)p(x)
− s2m(x,w, t)g(t) ∈ Σ[x,w, t],∀m = 1, ..., Nvertex,
− V (t0, x) + s3(x)r0(x) ∈ Σ[x],
− s4(x)(q(x)− α) + V (T, x)−R2 ∈ Σ[x],
s5(x, t)p(x) + V (t, x)−R2h(t)− s6(x, t)g(t) ∈ Σ[x, t],
which doesn’t introduce δ as a polynomial variable.
Remark 2. Since the storage function doesn’t depend on δ, it might introduce some con-
servatism in the reachable set over-approximation. To mitigate this conservatism, we can
do a branch-and-bound refinement procedure on ∆ and compute a piecewise-polynomial
δ−dependent V . Alternatively we can also introduce δ as a polynomial variable to the SOS
problem and use the storage function V (t, x, δ), which will increase the computation time
drastically.
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6 Reachability Analysis with Uncertain Initial Conditions,
L2 Disturbances and Perturbations
Consider the uncertain nonlinear system shown in Figure 2, which is an interconnection
Fu(G,∆) of a nominal system G and a perturbation ∆. The dynamics of the nominal
nonlinear dynamical system G are
x˙(t) =f(t, x(t), l(t), w(t)),
v(t) =h(t, x(t), l(t), w(t)),
where f : R×Rn ×Rnl ×Rnw → Rn, x(t) ∈ Rn is the state, l(t) ∈ Rnl and w(t) ∈ Rnw are
inputs, v(t) ∈ Rnv is an output. We assume that w ∈ Lnw2 and
∫ T
t0
w(t)Tw(t)dt ≤ R2. The
perturbation is an operator ∆ : Lnv2 [t0, T ]→ Lnl2 [t0, T ], and l = ∆(v). For brevity we drop
uncertain parameters in this formulation; however, they can be dealt with as discussed in
Section 8.
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Figure 2: Interconnection Fu(G,∆) of a nominal nonlinear system G and a perturbation ∆
The inputs and outputs of ∆ are filtered through an LTI system Ψ with zero initial
condition xψ(0) = 0. The dynamics of Ψ are
x˙ψ(t) =Aψxψ(t) +Bψ1v(t) +Bψ2l(t),
z(t) =Cψxψ(t) +Dψ1v(t) +Dψ2l(t),
where xψ ∈ Rnψ . Assume the operator ∆ satisfies time-domain IQCs defined by (Ψ,M)∫ T
t0
z(t)TM(t)z(t)dt ≥ 0,∀v ∈ Lnv2 [t0, T ] and l = ∆(v),
where Ψ ∈ RHnz×(nv+nw)∞ and M : [t0, T ]→ Sn is piecewise continuous. We use the notation
∆ ∈ I(Ψ,M) to indicate that ∆ satisfies the corresponding IQC.
Theorem 5. Given initial time t0, terminal time T , initial condition set Ω
r0
0 = {x ∈ Rn :
r0(x) ≤ 0}, disturbances w satisfying
∫ T
t0
w(t)Tw(t)dt ≤ R2, and perturbation ∆ ∈ I(Ψ,M),
if there exists a C1 time varying storage function V (t, x, xψ) : R × Rn × Rnψ → R that
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satisfies
∂V
∂t
+
∂V
∂x
f(t, x, l, w) +
∂V
∂xψ
(Aψxψ(t) +Bψ1v(t) +Bψ2l(t)) + z
TMz ≤ wTw,
∀(x, xψ, t, l, w) ∈ Bβ(xc)× Rnψ × [t0, T ]× Rnl × Rnw , (H.1)
Ωr00 ⊆ {x ∈ Rn : V (t0, x, 0) ≤ 0}, (H.2)
{x ∈ Rn : V (T, x, xψ) ≤ R2} ⊆ Ωqα,∀xψ ∈ Rnψ , (H.3){
x ∈ R : V (t, x, xψ) ≤
∫ t
t0
wTwdt
}
⊆ Bβ(xc), ∀t ∈ [t0, T ], xψ ∈ Rnψ , (H.4)
then x(T ) ∈ Ωqα, for all x(0) ∈ Ωr00 . Therefore Ωqα is the forward over-approximation of
reachable set at time T .
There is a large library of IQCs for various types of perturbations ∆ [33]. It is common to
formulate optimization problems that search over combinations of valid IQCs. Specifically,
let {(Ψk,Mk)}Nk=1 be a collection of valid time-domain IQCs for a particular ∆. If zk is the
output of the filter Ψk and λ1, ...., λN are non-negative scalars then it follows that:∫ T
t0
N∑
k=1
zk(t)
TM(t)zk(t)dt ≥ 0,∀vk ∈ Lnvk2 [t0, T ] and lk = ∆(vk).
In other words, a conic combination of time-domain IQCs is also an IQC. This conic com-
bination can be represented as Ψ := [Ψ1; ...; ΨN ] and M := blkdiag(λ1M1, ..., λNMN ). The
scalars λ1, ...λN ≥ 0 are typically decision variables in an optimization used to find the
best IQC for the robustness analysis. In this parameterization Ψ is fixed and M is a linear
function of variables λ1, ..., λN subject to non-negativity constraints. More general IQC pa-
rameterizations can be found in [31]. These more general parametrizations consist of a fixed
filter Ψ and M in a feasible setM described by linear matrix inequality (LMI) constraints.
We redefine the problem as finding a C1 storage function to solve the following opti-
mization problem
High-level optimization problem 4.
min
V,α,M
α
s.t. M ∈M
∂V
∂t
+
∂V
∂x
f(t, x, l, w) +
∂V
∂xψ
(Aψxψ(t) +Bψ1v(t) +Bψ2l(t)) + z
TMz ≤ wTw,
∀(x, xψ, t, l, w) ∈ Bβ(xc)× Rnψ × [t0, T ]× Rnl × Rnw ,
Ωr00 ⊆ {x ∈ Rn : V (t0, x, 0) ≤ 0},
{x ∈ Rn : V (T, x, xψ) ≤ R2} ⊆ Ωqα, ∀xψ ∈ Rnψ ,{
x ∈ R : V (t, x, xψ) ≤
∫ t
t0
wTwdt
}
⊆ Bβ(xc),∀t ∈ [t0, T ], xψ ∈ Rnψ .
We formulate this into the following SOS optimization problem, which is a generalized
SOS problem, where we can do bisection to search for the optimal α.
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SOS optimization problem 5.
min
α,s,V (t,x,xψ),M,1,2
α
s.t. M ∈M
s4(x, xψ)− 1 ∈ Σ[x, xψ], s5(x, xψ, t)− 2 ∈ Σ[x, xψ, t], 1 > 0, 2 > 0,
si(x, xψ, w, l, t) ∈ Σ[x, xψ, w, l, t], ∀i = 1, 2,
s3(x) ∈ Σ[x], s6(x, xψ, t) ∈ Σ[x, xψ, t],
−
(
∂V (t, x, xψ)
∂t
+
∂V (t, x, xψ)
∂x
f(t, x, l, w) +
∂V (t, x, xψ)
∂xψ
(Aψxψ(t) +Bψ1v(t) +Bψ2l(t))
+ zTMz − wTw
)
− s1(x, xψ, w, l, t)p(x)− s2(x, xψ, w, l, t)g(t) ∈ Σ[x, xψ, w, l, t],
− V (t0, x, 0) + s3(x)r0(x) ∈ Σ[x],
− s4(x, xψ)(q(x)− α) + V (T, x, xψ)−R2 ∈ Σ[x, xψ],
s5(x, xψ, t)p(x) + V (t, x, xψ)−R2h(t)− s6(x, xψ, t)g(t) ∈ Σ[x, xψ, t].
7 Examples
A workstation with four 2.7 [GHz] Intel Core i5 64 bit processors and 8[GB] of RAM was
used for performing all computations in the following examples. The SOS optimization
problem is formulated and translated into SDP using the sum-of-square module in Yalmip
[28] on MATLAB, and solved by the SDP solver Mosek [29]. Table 1 shows the degree of
polynomials we chose, and the computation time it took for each example.
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Table 1: Computation times for each example
Examples
Number of
States
Degree of
Dynamics
Degree of
V (t, x)
Degree of s
Computing
Time [sec]
Section 4.1:
2-state
example
2 3 8 6 6.1× 101
Section 7.1:
6-state
example
6 3 6 6 5.8× 102
Section 7.2.1:
GTM with Ωr00
4 6 8 6 1.1× 103
Section 7.2.2:
GTM with
Ωr00 , w
4 3 8 6 3.2× 103
Section 7.2.3:
GTM with
Ωr00 , w, δ
4 3 8 6 5.0× 103
Section 7.2.4:
GTM with
Ωr00 , w, ∆
4 3 6 4 8.2× 103
Section 7.3:
F-18 with Ωr00
7 3 6 6 3.7× 103
The dynamics f in the following examples are all time-invariant, but since our reacha-
bility analysis is addressed in finite time horizon, we use time-varying storage functions in
each example.
7.1 An example from the literature
An academic example, proved in [30] to be globally stable at the origin, is
x˙1 = −x31 + 4x32 − 6x3x4
x˙2 = x1 − x2 + x35
x˙3 = x1x4 − x3 + x4x6
x˙4 = x1x3 + x3x6 − x34
x˙5 = −2x32 − x5 + x6
x˙6 = −3x3x4 − x35 − x6.
We carry out reachability analysis on this 6-state cubic-degree system with uncertain initial
condition set around the origin. The uncertain initial set Ωr00 = {x ∈ R4|xTC−1x ≤ 1}
is a 6-dimensional ellipsoid, where C = I6. The results of reachability analysis by solving
SOS optimization problem 1 for the system at T = 1 sec with uncertain initial conditions
is shown in Figure 3.
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Figure 3: Over-approximation of reachable sets at T = 1 sec for the example from literature
with uncertain initial conditions.
7.2 NASA’s Generic Transport Model (GTM) around straight and level
flight condition
The GTM is a remote-controlled 5.5% scale commercial aircraft [23], [24]. Its dynamical
model [25] is
U˙ =
1
m
(−D −mg sin(θ − α) + Tx cos(α) + Tz sin(α))
α˙ =
1
mU
(−L+mg cos(θ − α)− Tx sin(α) + Tz cos(α) + q)
q˙ =
M + Tm
Iyy
(4)
θ˙ =q,
where U,α, q, θ, are air speed (m/s), angle of attack (rad), pitch rate (rad/s) and pitch
angle (rad) respectively. The control inputs are elevator deflection δelev (rad) and en-
gine throttle δth (percent). The drag force D (N), lift force L, and aerodynamic pitch-
ing moment M (N m) are given by D = q¯SCD(α, δelev, qˆ), L = q¯SCL(α, δelev, qˆ), and
M = q¯Sc¯Cm(α, δelev, qˆ),where q¯ :=
1
2ρU
2 is the dynamic pressure (N/m2), and qˆ := (c¯/2U)q
is the normalized pitch rate (unitless). CD, CL, and Cm are unitless aerodynamic coefficients
computed from look-up tables provided by NASA.
A degree-7 polynomial model, provided in [26], is obtained after replacing all nonpoly-
nomial terms with their polynomial approximations. The polynomial model takes the form
x˙ = f7(x, u), where x := [U,α, q, θ]
T and u = [δelev, δth]
T . The following straight and level
flight condition is computed for this model: Ut = 45 m/s, αt = 0.04924 rad, qt = 0 rad/s,
θt = 0.04924 rad, with δelev,t = 0.04892 rad, and δth,t = 14.33%. The subscript t denotes
a trim value. A 4-state, degree-6 polynomial closed-loop longitudinal model is extracted
from the 4-state, degree-7 polynomial model by holding δth at its trim value, applying a
proportional pitch rate feedback δelev = Kqq+δelev,t = 0.0698q+δelev,t, and retaining terms
up to degree-6. This degree 6 closed-loop model is denoted as x˙ = f6(x), with four states
[U,α, q, θ]T .
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7.2.1 Reachability analysis for GTM with uncertain initial conditions
We carry out reachability analysis on the 4-state, degree-6 closed-loop model x˙ = f6(x)
around its trim point. The uncertain initial set Ωr00 = {x ∈ R4|(x−xt)TC−1(x−xt)−1 ≤ 0}
is a 4-dimensional ellipsoid inside the region of attraction and is slightly smaller than the
region of attraction, where C = diag(202, (20pi/180)2, (50pi/180)2, (20pi/180)2), xt is the
trim point.
To improve the numerical conditioning, we define the scaled states xscl = N
−1x, where
we set N = diag(20, 20pi/180, 50pi/180, 20pi/180), since 20 m/s, 20pi/180 rad, 50pi/180
rad/s, 20pi/180 rad are farthest distances observed in simulation that each state can be
away from their trim point value given the initial condition set Ωr00 . Then we have the
dynamics for the scaled states
x˙scl = N
−1f6(Nxscl),
and this scaled dynamics is the one we will use in the SOS optimization problem. Before
scaling, the coefficients of f6(x) vary from 1.6× 10−5 to 4.5× 101; After scaling, they vary
from 4.5× 10−3 to 1.8× 101. Before plugging in the expressions of Ωr00 ,Ωqα,Bβ(xc) into the
SOS optimization problem, the parameters were scaled accordingly.
Figure 4 and Figure 5 show the over-approximation of reachable set in α− q space and
U−θ space respectively, at different simulation times. The red line is a slice of the initial set
Ωr00 . The black line is a slice of over-approximation of reachable set Ω
V
T,0. The blue dashed
line is a slice of Ωqα. Green points are simulation points at the indicated time, starting
within the initial set Ωr00 at t = 0. The cross is the trim point.
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Figure 4: Over-approximation of reachable sets for GTM longitudinal model with uncertain
initial set in α− q plane.
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Figure 5: Over-approximations of reachable sets for GTM longitudinal model with uncertain
initial condition in U − θ plane.
7.2.2 Reachability analysis for GTM with uncertain initial conditions and L2
disturbance
A 4-state, single input, degree-3 polynomial model x˙ = f3(x, u) is obtained from the 4-
state degree-7 model x˙ = f7(x, u) mentioned above. To save computation time, reachability
analysis is conducted on this degree-3 model rather than the degree-6 model, with the same
initial condition set Ωr00 as that from the previous section. But an input disturbance w at
the elevator channel is taken into consideration of analysis this time. The control input
becomes δelev = Kqq + δelev,t + w = 0.0698q + δelev,t + w.
Figure 6 shows reachability analysis at time T = 0.4s with uncertain initial conditions
and disturbances of different L2 norms.
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Figure 6: Over-approximation of reachable sets at T = 0.4 sec for GTM model with uncer-
tain initial conditions and L2 disturbances.
7.2.3 Reachability analysis for GTM with uncertain initial conditions, L2 dis-
turbances and parameters
Reachability analysis is conducted on the 4-state, degree-3 GTM model x˙ = f3(x, u, δ) with
the same initial condition set Ωr00 as that from the examples of previous sections and an input
disturbance w at the elevator channel, given that ‖w‖2,T ≤ 0.004 rad. Assume that the
inertia Iyy in equation 4 is uncertain: Iyy = γI¯yy, where γ is an uncertain parameter and I¯yy
is the nominal value of inertia. Define δ := 1/γ, assume γ ∈ [1011 , 109 ], then δ ∈ [0.9, 1.1] =: ∆.
Equation 4 becomes
q˙ =
M + Tm
Iyy
=
M + Tm
γI¯yy
= δ
M + Tm
I¯yy
.
Since δ enters system f(t, x, w, δ) linearly, then we only need to impose constraint G.1
to hold on E∆ = {0.9, 1.1}, rather than for all δ ∈ ∆. The result is shown in Figure 7.
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Figure 7: Over-approximation of reachable sets at T = 0.4 sec for GTM model with uncer-
tain initial conditions, L2 disturbance and parameter.
7.2.4 Reachability analysis for GTM with uncertain initial conditions, L2 dis-
turbance and perturbation
The uncertain GTM system is shown in Figure 8. In addition to the L2 disturbance w,
we assume that there is some LTI uncertainty ∆ with ‖∆‖∞ ≤ σ in the elevator actuator,
where σ > 0. The signal that goes into the elevator channel is δelev = Kqq+ δelev,t+w+ l =
0.0698q + δelev,t + w + l, where l = ∆(v).
GTM
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<latexit sha1_base64="CEoLN5YScUwOAEaeYI1AKm KEP/A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eKthbaUDbbTbt0swm7E6WE/gQvHhTx6i/y5r 9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG1 7n/8Mi1EbG6x0nC/YgOlQgFo2ilu6dKpV+tuXV3BrJMvILUoECzX/3qDWKWRlwhk9SYrucm6GdUo2CSTyu91PCE sjEd8q6likbc+Nns1Ck5scqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw0s/EypJkSs2XxSmkmBM8r/JQG jOUE4soUwLeythI6opQ5tOHoK3+PIyaZ/VPbfu3Z7XGldFHGU4gmM4BQ8uoAE30IQWMBjCM7zCmyOdF+fd+Zi3l pxi5hD+wPn8AU3WjSM=</latexit><latexit sha1_base64="CEoLN5YScUwOAEaeYI1AKm KEP/A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eKthbaUDbbTbt0swm7E6WE/gQvHhTx6i/y5r 9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG1 7n/8Mi1EbG6x0nC/YgOlQgFo2ilu6dKpV+tuXV3BrJMvILUoECzX/3qDWKWRlwhk9SYrucm6GdUo2CSTyu91PCE sjEd8q6likbc+Nns1Ck5scqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw0s/EypJkSs2XxSmkmBM8r/JQG jOUE4soUwLeythI6opQ5tOHoK3+PIyaZ/VPbfu3Z7XGldFHGU4gmM4BQ8uoAE30IQWMBjCM7zCmyOdF+fd+Zi3l pxi5hD+wPn8AU3WjSM=</latexit><latexit sha1_base64="CEoLN5YScUwOAEaeYI1AKm KEP/A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eKthbaUDbbTbt0swm7E6WE/gQvHhTx6i/y5r 9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG1 7n/8Mi1EbG6x0nC/YgOlQgFo2ilu6dKpV+tuXV3BrJMvILUoECzX/3qDWKWRlwhk9SYrucm6GdUo2CSTyu91PCE sjEd8q6likbc+Nns1Ck5scqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw0s/EypJkSs2XxSmkmBM8r/JQG jOUE4soUwLeythI6opQ5tOHoK3+PIyaZ/VPbfu3Z7XGldFHGU4gmM4BQ8uoAE30IQWMBjCM7zCmyOdF+fd+Zi3l pxi5hD+wPn8AU3WjSM=</latexit><latexit sha1_base64="CEoLN5YScUwOAEaeYI1AKm KEP/A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eKthbaUDbbTbt0swm7E6WE/gQvHhTx6i/y5r 9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG1 7n/8Mi1EbG6x0nC/YgOlQgFo2ilu6dKpV+tuXV3BrJMvILUoECzX/3qDWKWRlwhk9SYrucm6GdUo2CSTyu91PCE sjEd8q6likbc+Nns1Ck5scqAhLG2pZDM1N8TGY2MmUSB7Ywojsyil4v/ed0Uw0s/EypJkSs2XxSmkmBM8r/JQG jOUE4soUwLeythI6opQ5tOHoK3+PIyaZ/VPbfu3Z7XGldFHGU4gmM4BQ8uoAE30IQWMBjCM7zCmyOdF+fd+Zi3l pxi5hD+wPn8AU3WjSM=</latexit>
 elev = v + l
<latexit sha1_base64="EA/aBOpCPQEK8xHxNpxFWxSUBao=">AAACAHicbVBNS8NAEN3Urxq/qh48eFksgiCU RAS9CEUvHivYD2hD2Gwm7dLNJuxuCiXk4l/x4kERr/4Mb/4bkzYHbX0w8Hhvhpl5XsyZ0pb1bVRWVtfWN6qb5tb2zu5ebf+go6JEUmjTiEey5xEFnAloa6Y59GIJJPQ4dL3xXeF3JyAVi8SjnsbghGQoWMAo0bnk1o4GPnBN3BQ4TDJ8 gyf4HHPTdGt1q2HNgJeJXZI6KtFya18DP6JJCEJTTpTq21asnZRIzSiHzBwkCmJCx2QI/ZwKEoJy0tkDGT7NFR8HkcxLaDxTf0+kJFRqGnp5Z0j0SC16hfif1090cO2kTMSJBkHni4KEYx3hIg3sMwlU82lOCJUsvxXTEZGE6jyzIgR7 8eVl0rlo2FbDfrisN2/LOKroGJ2gM2SjK9RE96iF2oiiDD2jV/RmPBkvxrvxMW+tGOXMIfoD4/MHPZeU2A==</latexit><latexit sha1_base64="EA/aBOpCPQEK8xHxNpxFWxSUBao=">AAACAHicbVBNS8NAEN3Urxq/qh48eFksgiCU RAS9CEUvHivYD2hD2Gwm7dLNJuxuCiXk4l/x4kERr/4Mb/4bkzYHbX0w8Hhvhpl5XsyZ0pb1bVRWVtfWN6qb5tb2zu5ebf+go6JEUmjTiEey5xEFnAloa6Y59GIJJPQ4dL3xXeF3JyAVi8SjnsbghGQoWMAo0bnk1o4GPnBN3BQ4TDJ8 gyf4HHPTdGt1q2HNgJeJXZI6KtFya18DP6JJCEJTTpTq21asnZRIzSiHzBwkCmJCx2QI/ZwKEoJy0tkDGT7NFR8HkcxLaDxTf0+kJFRqGnp5Z0j0SC16hfif1090cO2kTMSJBkHni4KEYx3hIg3sMwlU82lOCJUsvxXTEZGE6jyzIgR7 8eVl0rlo2FbDfrisN2/LOKroGJ2gM2SjK9RE96iF2oiiDD2jV/RmPBkvxrvxMW+tGOXMIfoD4/MHPZeU2A==</latexit><latexit sha1_base64="EA/aBOpCPQEK8xHxNpxFWxSUBao=">AAACAHicbVBNS8NAEN3Urxq/qh48eFksgiCU RAS9CEUvHivYD2hD2Gwm7dLNJuxuCiXk4l/x4kERr/4Mb/4bkzYHbX0w8Hhvhpl5XsyZ0pb1bVRWVtfWN6qb5tb2zu5ebf+go6JEUmjTiEey5xEFnAloa6Y59GIJJPQ4dL3xXeF3JyAVi8SjnsbghGQoWMAo0bnk1o4GPnBN3BQ4TDJ8 gyf4HHPTdGt1q2HNgJeJXZI6KtFya18DP6JJCEJTTpTq21asnZRIzSiHzBwkCmJCx2QI/ZwKEoJy0tkDGT7NFR8HkcxLaDxTf0+kJFRqGnp5Z0j0SC16hfif1090cO2kTMSJBkHni4KEYx3hIg3sMwlU82lOCJUsvxXTEZGE6jyzIgR7 8eVl0rlo2FbDfrisN2/LOKroGJ2gM2SjK9RE96iF2oiiDD2jV/RmPBkvxrvxMW+tGOXMIfoD4/MHPZeU2A==</latexit><latexit sha1_base64="EA/aBOpCPQEK8xHxNpxFWxSUBao=">AAACAHicbVBNS8NAEN3Urxq/qh48eFksgiCU RAS9CEUvHivYD2hD2Gwm7dLNJuxuCiXk4l/x4kERr/4Mb/4bkzYHbX0w8Hhvhpl5XsyZ0pb1bVRWVtfWN6qb5tb2zu5ebf+go6JEUmjTiEey5xEFnAloa6Y59GIJJPQ4dL3xXeF3JyAVi8SjnsbghGQoWMAo0bnk1o4GPnBN3BQ4TDJ8 gyf4HHPTdGt1q2HNgJeJXZI6KtFya18DP6JJCEJTTpTq21asnZRIzSiHzBwkCmJCx2QI/ZwKEoJy0tkDGT7NFR8HkcxLaDxTf0+kJFRqGnp5Z0j0SC16hfif1090cO2kTMSJBkHni4KEYx3hIg3sMwlU82lOCJUsvxXTEZGE6jyzIgR7 8eVl0rlo2FbDfrisN2/LOKroGJ2gM2SjK9RE96iF2oiiDD2jV/RmPBkvxrvxMW+tGOXMIfoD4/MHPZeU2A==</latexit>
 
<latexit sha1_base64="3Ocl8I5MsUJnjF26V77K qbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq 7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKB RYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTd DPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlK YLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMm aRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit><latexit sha1_base64="3Ocl8I5MsUJnjF26V77K qbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq 7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKB RYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTd DPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlK YLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMm aRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit><latexit sha1_base64="3Ocl8I5MsUJnjF26V77K qbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq 7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKB RYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTd DPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlK YLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMm aRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit><latexit sha1_base64="3Ocl8I5MsUJnjF26V77K qbvLwbo=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq 7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqObR4LGPdDZgBKRS0UKCEbqKB RYGETjC5zf3OE2gjYvWI0wT8iI2UCAVnaKVO/w4kssqgWnPr7hx0lXgFqZECzUH1qz+MeRqBQi6ZMT3PTd DPmEbBJcwq/dRAwviEjaBnqWIRGD+bnzujZ1YZ0jDWthTSufp7ImORMdMosJ0Rw7FZ9nLxP6+XYnjtZ0IlK YLii0VhKinGNP+dDoUGjnJqCeNa2FspHzPNONqE8hC85ZdXSfui7rl17+Gy1rgp4iiTE3JKzolHrkiD3JMm aRFOJuSZvJI3J3FenHfnY9FacoqZY/IHzucPluiPEA==</latexit>
 th =  th,t
<latexit sha1_base64="L6XkRL3fGODlGQJSLyVfFM8YKrQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJKIo Buh6MZlBfuANoTJZNIOnTyYuRFKyMaNv+LGhSJu/Qd3/o2TNqC2Hrhw5px7mXuPlwiuwLK+jIXFpeWV1cpadX1jc2vb3NltqziVlLVoLGLZ9YhigkesBRwE6yaSkdATrOONrgu/c8+k4nF0B+OEOSEZRDzglICWXPOg7zMBxM1gmONL/PM 6gbzqmjWrbk2A54ldkhoq0XTNz74f0zRkEVBBlOrZVgJORiRwKlhe7aeKJYSOyID1NI1IyJSTTa7I8ZFWfBzEUlcEeKL+nshIqNQ49HRnSGCoZr1C/M/rpRBcOBmPkhRYRKcfBanAEOMiEuxzySiIsSaESq53xXRIJKGggytCsGdPnift 07pt1e3bs1rjqoyjgvbRITpGNjpHDXSDmqiFKHpAT+gFvRqPxrPxZrxPWxeMcmYP/YHx8Q3QWJgc</latexit><latexit sha1_base64="L6XkRL3fGODlGQJSLyVfFM8YKrQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJKIo Buh6MZlBfuANoTJZNIOnTyYuRFKyMaNv+LGhSJu/Qd3/o2TNqC2Hrhw5px7mXuPlwiuwLK+jIXFpeWV1cpadX1jc2vb3NltqziVlLVoLGLZ9YhigkesBRwE6yaSkdATrOONrgu/c8+k4nF0B+OEOSEZRDzglICWXPOg7zMBxM1gmONL/PM 6gbzqmjWrbk2A54ldkhoq0XTNz74f0zRkEVBBlOrZVgJORiRwKlhe7aeKJYSOyID1NI1IyJSTTa7I8ZFWfBzEUlcEeKL+nshIqNQ49HRnSGCoZr1C/M/rpRBcOBmPkhRYRKcfBanAEOMiEuxzySiIsSaESq53xXRIJKGggytCsGdPnift 07pt1e3bs1rjqoyjgvbRITpGNjpHDXSDmqiFKHpAT+gFvRqPxrPxZrxPWxeMcmYP/YHx8Q3QWJgc</latexit><latexit sha1_base64="L6XkRL3fGODlGQJSLyVfFM8YKrQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJKIo Buh6MZlBfuANoTJZNIOnTyYuRFKyMaNv+LGhSJu/Qd3/o2TNqC2Hrhw5px7mXuPlwiuwLK+jIXFpeWV1cpadX1jc2vb3NltqziVlLVoLGLZ9YhigkesBRwE6yaSkdATrOONrgu/c8+k4nF0B+OEOSEZRDzglICWXPOg7zMBxM1gmONL/PM 6gbzqmjWrbk2A54ldkhoq0XTNz74f0zRkEVBBlOrZVgJORiRwKlhe7aeKJYSOyID1NI1IyJSTTa7I8ZFWfBzEUlcEeKL+nshIqNQ49HRnSGCoZr1C/M/rpRBcOBmPkhRYRKcfBanAEOMiEuxzySiIsSaESq53xXRIJKGggytCsGdPnift 07pt1e3bs1rjqoyjgvbRITpGNjpHDXSDmqiFKHpAT+gFvRqPxrPxZrxPWxeMcmYP/YHx8Q3QWJgc</latexit><latexit sha1_base64="L6XkRL3fGODlGQJSLyVfFM8YKrQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJKIo Buh6MZlBfuANoTJZNIOnTyYuRFKyMaNv+LGhSJu/Qd3/o2TNqC2Hrhw5px7mXuPlwiuwLK+jIXFpeWV1cpadX1jc2vb3NltqziVlLVoLGLZ9YhigkesBRwE6yaSkdATrOONrgu/c8+k4nF0B+OEOSEZRDzglICWXPOg7zMBxM1gmONL/PM 6gbzqmjWrbk2A54ldkhoq0XTNz74f0zRkEVBBlOrZVgJORiRwKlhe7aeKJYSOyID1NI1IyJSTTa7I8ZFWfBzEUlcEeKL+nshIqNQ49HRnSGCoZr1C/M/rpRBcOBmPkhRYRKcfBanAEOMiEuxzySiIsSaESq53xXRIJKGggytCsGdPnift 07pt1e3bs1rjqoyjgvbRITpGNjpHDXSDmqiFKHpAT+gFvRqPxrPxZrxPWxeMcmYP/YHx8Q3QWJgc</latexit>
v
<latexit sha1_base64="m3S3ubd9domfw/2ok RqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0I J/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHq BlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ 38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWB bYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+ qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</l atexit><latexit sha1_base64="m3S3ubd9domfw/2ok RqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0I J/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHq BlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ 38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWB bYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+ qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</l atexit><latexit sha1_base64="m3S3ubd9domfw/2ok RqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0I J/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHq BlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ 38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWB bYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+ qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</l atexit><latexit sha1_base64="m3S3ubd9domfw/2ok RqzlKfrIn0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7m0I J/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSATXxnW/nNLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHq BlSj4BJbhhuB3UQhjQKBnWBym/udKSrNY/loZgn6ER1JHnJGjZUeppVBtebW3QXIX+IVpAYFmoPqZ 38YszRCaZigWvc8NzF+RpXhTOC80k81JpRN6Ah7lkoaofazxaVzcmaVIQljZUsaslB/TmQ00noWB bYzomasV71c/M/rpSa89jMuk9SgZMtFYSqIiUn+NhlyhcyImSWUKW5vJWxMFWXGhpOH4K2+/Je0L+ qeW/fuL2uNmyKOMpzAKZyDB1fQgDtoQgsYhPAEL/DqTJxn5815X7aWnGLmGH7B+fgGF8KNDg==</l atexit>
l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ 9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ 9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ 9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ 9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJv QEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>
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Figure 8: Uncertain nonlinear model for GTM
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Based on our assumption on ∆, we choose the form for (Ψ,M) : Ψ :=
[
Ψ11 0
0 Ψ11
]
with
Ψ11 ∈ RHnz×1∞ and M :=
[
σM11 0
0 − 1σM11
]
with M ∈ Snz and M11  0. The frequency-
domain IQC defined by Ψ and M is∫ ∞
−∞
[
vˆ(jw)
lˆ(jw)
]∗ [
Ψ11(jw) 0
0 Ψ11(jw)
]∗ [
σM11 0
0 −1σ M11
] [
Ψ11(jw) 0
0 Ψ11(jw)
] [
vˆ(jw)
lˆ(jw)
]
dw ≥ 0,
∀v ∈ Lnv2 [t0, T ],
where vˆ and lˆ are Fourier transforms of v and l. From l = ∆(v), we have lˆ(jw) =
∆(jw)vˆ(jw). If we multiply everything on the left hand side of the inequality out, we
obtain∫ ∞
−∞
Ψ∗11(jw)M11Ψ11(jw)
(
σ2vˆ(jw)∗vˆ(jw)− vˆ(jw)∗∆(jw)∗∆(jw)vˆ(jw))dw ≥ 0.
As a result, we have σ2Inv − ∆(jw)∗∆(jw)  0, ∀w, which is exactly our assumption
‖∆‖∞ ≤ σ.
A typical choice for Ψ11 is [31]
Ψv11 =
[
1, 1(s+p) , · · · , 1(s+p)v
]T
,with p > 0.
In this example, we fix v = 1, p = 1, and optimize over M11  0. The results are shown in
Figure 9.
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Figure 9: Over-approximation of reachable sets at T = 0.4 sec for GTM model with uncer-
tain initial conditions, L2 disturbance and perturbation ∆.
7.3 F-18 around falling-leaf mode flight condition
The 6-state F-18 model is extracted from a nine-state, six-DOF nonlinear model by neglect-
ing three less-important states. By applying the controller introduced in [27] to the 6-state
model, a 7-state closed-loop dynamics x˙ = fcl(x) is obtained, where x := [β, α, p, q, r, φ, xc]
T ,
representing sideslip angle (β, rad), angle-of-attack (α, rad), roll rate (p, rad/s), pitch rate
(q, rad/s), yaw rate (r, rad/s), bank angle (φ, rad), controller state (xc, rad) respectively.
fcl can be approximated by a 7-state, cubic-degree polynomial closed-loop model x˙ = f3(x).
The trim points of the states are [0 degree, 20.17 degree, -1.083 degree/s, 1.855 degree/s,
2.634 degree/s, 35 degree, 0 degree]. Consider the flight condition for a coordinated turn
(βt = 0
◦) at a 35◦ bank angle and at Ut = 350 ft/s. Around this condition the aircraft is
more likely to experience the falling-leaf motion. The reachability analysis is performed on
x˙ = f3(x) around this flight condition.
The given initial set Ωr00 = {x ∈ R7|(x − xt)TC−1(x − xt) − 1 ≤ 0} is a 7-dimensional
ellipsoid inside the region of attraction and it is slightly smaller than the region of attraction,
where C = diag((10pi/180)2,(25pi/180)2, (35pi/180)2, (30pi/180)2, (15pi/180)2, (25pi/180)2,
(20pi/180)2), xt is the trim point of the states. Again, in order to improve the numerical
21
conditioning, we scale the states xscl = N
−1x, where N = diag(10pi/180, 25pi/180, 35pi/180,
5pi/180, 15pi/180, 25pi/180, 20pi/180).
Figure 10 and Figure 11 show the over-approximation of reachable set in β − α space
and p − r space respectively, at different simulation times. The red line is a slice of initial
set Ωr00 . The black line is a slice of over-approximation of reachable set Ω
V
T,0. The blue
dashed line is a slice of Ωqα. Green points are simulation points at the indicated time. The
cross is the trim point.
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Figure 10: Over-approximation of reachable sets for F-18 model in β − α plane.
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Figure 11: Over-approximation of reachable sets for F-18 model in p− r plane.
8 Conclusion and Extensions
We proposed a method of computing forward over-approximations of reachable sets using
time varying storage functions that satisfy “local” dissipation inequalities. Our formulation
allows continuous polynomial nonlinear dynamical systems with uncertain initial conditions,
L2 disturbances, parametric uncertainties and perturbations described by IQCs. SOS pro-
gramming and S-Procedure are used in deriving the algorithms. We applied this method
to several examples including aircraft models. Below we discuss several straightforward
extensions.
Adding parametric uncertainty to Section 6
In Section 6, for brevity, we didn’t consider uncertain parameters in the analysis. Assume
we know the set where the parameters lie δ ∈ ∆ = {δ|N(δ) ≥ 0}, we can incorporate
parameters by modifying constraint H.1 to
∂V
∂t
+
∂V
∂x
f(t, x, l, w, δ) +
∂V
∂xψ
(Aψxψ(t) +Bψ1v(t) +Bψ2l(t)) + z
TMz ≤ wTw,
∀(x, xψ, t, l, w, δ) ∈ Bβ(xc)× Rnψ × [t0, T ]× Rnl × Rnw ×∆. (I.1)
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As a result, constraints I.1, H.2, H.3, H.4 together consider uncertain initial conditions,
parameters, L2 disturbances and perturbations.
Incorporating L∞ constraints on w
In this paper, we only considered disturbances with L2 constraints. But in many practical
cases, we may have the knowledge of the maximum Euclidean norm of the disturbances
as well. To incorporate L∞ constraints in our reachability analysis framework, we assume
w(t)Tw(t) ≤ γ,∀t ∈ [0, T ], and rewrite constraint E.4 as
∂V
∂t
+
∂V
∂x
f(t, x, w) ≤ wTw, ∀(t, x, w) ∈ [t0, T ]× Bβ(xc)× {w ∈ Rnw : wTw ≤ γ}.
This set containment constraint can be easily formulated into SOS problem with the help
of a new polynomial h(w) := γ − wTw.
Backward vs. Forward Reachability
Our method for computing over-approximations of forward reachable sets can be extended
to compute the backward reachable set for a system with a given terminal set, which might
be an obstacle to avoid or some target region for a system to reach. Assume system (1),
initial time t0, terminal time T , and target set Ω
rT
0 are given. We want to find a C1
storage function V (t, x) : R × Rn, such that the volume of backward under approximation
of reachable set ΩVt0,0 can be maximized. A shape function q is chosen by the user, and its
corresponding variable sized region Ωqα is contained in ΩVt0,0. By maximizing α, the volume
of ΩVt0,0 can be maximized. The optimization problem is formulated as follows
High-level optimization problem 5.
max
V,α
α
s.t. ΩVt,0 ⊆ Bβ(xc), ∀t ∈ [t0, T ], (J.1)
∂V
∂t
+
∂V
∂x
f(t, x) ≤ 0, ∀(t, x) ∈ [t0, T ]× Bβ(xc), (J.2)
Ωqα ⊆ ΩVt0,0, (J.3)
ΩVT,0 ⊆ ΩrT0 . (J.4)
constraints J.1 and J.2 are exactly the same as constraints C.1 and C.2, respectively. The
objective has been changed from minimizing the forward over-approximation of reachable
set to maximizing under approximation of reachable set.
Assume that dynamics f is polynomial, and storage function V is restricted to be
polynomial. Similar to SOS optimization problem 1, we can formulate the set containment
conditions into the following bilinear SOS programming problem
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SOS optimization problem 6.
max
α,s,V (t,x),1,2
α
s.t. s1(x, t)− 1 ∈ Σ[x, t], s6(x)− 2 ∈ Σ[x], 1 > 0, 2 > 0,
si(x, t) ∈ Σ[x, t], ∀i = 2, 3, 4, s5(x) ∈ Σ[x],
s1(x, t)p(x) + V (t, x)− s2(x, t)g(t) ∈ Σ[x, t],
− ( ∂
∂t
V (t, x) +
∂
∂x
V (t, x)f(t, x)
)− s3(x, t)p(x)− s4(x, t)g(t) ∈ Σ[x, t],
− V (t0, x) + s5(x)(q(x)− α) ∈ Σ[x],
− s6(x)rT (x) + V (T, x) ∈ Σ[x].
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A Proof of Lemma 1
Since f(t, x, w, δ) is affine in δ, denote f(t, x, w, δ) = f0(t, x, w) +F (t, x, w)δ. Imposing G.1
to hold on E∆, we have a number of Nvertex constraints
−
(
∂
∂t
V (t, x) +
∂
∂x
V (t, x)
(
f0(t, x, w) + F (t, x, w)δ
[m]
)
− wTw
)
− s1m(x,w, t)p(x)
− s2m(x,w, t)g(t) ∈ Σ[x,w, t], ∀m = 1, ..., Nvertex,
where s1m(x,w, t), s2m(x,w, t) ∈ Σ[x,w, t], ∀m = 1, 2, ..., Nvertex.
Introduce a number of Nvertex coefficients: θm ∈ [0, 1], for m = 1, 2, ..., Nvertex, and∑Nvertex
m=1 θm = 1. Multiply m
th constraint with θm
−
(
θm
∂
∂t
V (t, x) +
∂
∂x
V (t, x)
(
θmf0(t, x, w) + F (t, x, w)θmδ
[m]
)
− θmwTw
)
− θms1m(x,w, t)p(x)
− θms2m(x,w, t)g(t) ∈ Σ[x,w, t],∀m = 1, ..., Nvertex.
Adding these Nvertex equations together, we have
−
(
∂
∂t
V (t, x) +
∂
∂x
V (t, x)
(
f0(t, x, w) + F (t, x, w) ·
Nvertex∑
m=1
θmδ
[m]
)
− wTw
)
− s¯1(x,w, t)p(x)
− s¯2(x,w, t)g(t) ∈ Σ[x,w, t],
where s¯1(x,w, t) =
∑Nvertex
m=1 θms1m(x,w, t) ∈ Σ[x,w, t], s¯2(x,w, t) =
∑Nvertex
m=1 θms2m(x,w, t) ∈
Σ[x,w, t].
Since
∑Nvertex
m=1 θmδ
[m] is the convex combination of all the vertices δ[m], then G.1 holds
everywhere on ∆.
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